Abstract. Results saying how to transfer the entailment in certain minimal and maximal ways and how to transfer strong dualisability between two different finite generators of a quasi-variety of algebras are presented. A new proof for a well-known result in the theory of natural dualities which says that strong dualisability of a quasi-variety is independent of the generating algebra is derived.
Introduction
For the basic facts about natural duality theory we recommend [1] and [9] . A very brief introduction into the theory and the summary of the basic concepts can also be found in our companion paper [7] .
Throughout this paper we assume that D and M are finite algebras of the same type such that D ∈ IS(M) one-to-one. In Section 3 we introduce minimal and maximal extensions of algebraic relations and (partial) operations from D to M. While in [7] we concentrated on the transferral of the entailment and dualisability "up" from D to M via the 'minimal extensions', here we equally focus on the transferral via the 'maximal extensions'. Then in
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Let A ∈ A , X ∈ X and let e A : A → ED(A) and ε X : X → DE(X) be maps given by evaluation: e A (a)(h) = h(a) for every a ∈ A and h ∈ D(A), ε X (y)(ϕ) = ϕ(y) for every y ∈ X and ϕ ∈ E(X).
It is said that the structure M ∼ (or just G ∪ H ∪ R) yields a (natural ) duality on A based on M, or M ∼ dualises M, if for every A ∈ A , the embedding e A is an isomorphism.
Let A fin be the category of all finite algebras in A . If for every A in A fin , e A is an isomorphism, then M ∼ dualises M at the finite level.
The following Duality Compactness Theorem is due independently to Willard [12] and Zádori [13] .
Theorem 2.1 ([1], Theorem 2.2.11).
If M ∼ is of finite type and yields a duality on A fin , then M ∼ yields a duality on A .
If e A and ε X are isomorphisms for all A ∈ A and X ∈ X , then M ∼ is said to yield a full duality on A or one says that M ∼ fully dualises M. In this case, the categories A and X are dually equivalent.
If M ∼ fully dualises M and moreover, M ∼ is injective in X , then we say that M ∼ strongly dualises M. However, the usual definition of a strong duality is the following one (see Chapter 3 of [1] for a proof that this is equivalent to the former definition given above): M ∼ strongly dualises M if M ∼ dualises M and, for every non-empty set S, every closed substructure M ∼ S of M ∼ is term-closed. We recall that given a nonempty set S, a closed substructure X of M ∼ S is term-closed if whenever y ∈ M S \X there exist S-ary term functions t 1 and t 2 of the algebra M such that t 1 ↾ X = t 2 ↾ X but t 1 (y) = t 2 (y).
As far as duality is concerned we are interested only in the entailment on the structures X of the form D(A) for A ∈ A . Thus we say (cf. [1] , p. 55) that M ∼ entails s if it entails s on every structure of the form D(A), for A ∈ A . Let B M be the class of all finitary algebraic relations on M and let Ω ⊆ B M . If a set R of relations in Ω is such that R entails s for every s ∈ Ω, then we say that R is entailment-dense in Ω.
Let s be the subalgebra of M n corresponding to the n-ary algebraic relation s on M, n 1. For each i ∈ {1, . . . , n}, let ̺
The following result is fundamental to the study of entailment (for its proof see [4] 
4).
Theorem 2.2 (The Test Algebra Theorem). Let M be a finite algebra and let M ∼ be its alter ego. Let s be an n-ary algebraic relation on M for some n ∈ N. Then the following conditions are equivalent:
is, for some primitive positive formula Φ(x 1 , . . . , x n ) in the language of M ∼ ,
As an immediate consequence we obtain that if
The Brute Force Duality Theorem (cf. [1] , Theorem 2.3.1) says that the set B M of all finitary algebraic relations on M (the brute force) yields a duality on A fin . The following result is called a Density Lemma and it explains the central role of entailment in duality theory. It also holds at the finite level. (1) R yields a duality on A ; (2) R is entailment-dense in Ω; (3) R entails s for each s ∈ Ω \ R; (4) R entails s on D(s) for each s ∈ Ω \ R.
Hence if a finite set R ⊆ B M entails the brute force B M , then R yields a duality on A fin , and by the Duality Compactness Theorem 2.1, R yields a duality on A . Thus we conclude: Lemma 2.4. Let M be a finite algebra. A finite set R ⊆ B M yields a duality on A if and only if R entails B M .
It follows from this lemma that studying the dualisability of M via a finite set of relations R ⊆ B M is equivalent to studying when R entails B M .
Let us recall that in our setting D and M are finite algebras of the same type such that D ∈ IS(M) and we assume the existence of a homomorphism α : M → D k , for some k, and a one-to-one homomorphism β : D → M. Let now, for every
• α. We see that ω i is an endomorphism of M. Let us further denote Γ βα := {ω 1 , . . . , ω k }.
We define a homomorphism
When the maps ω 1 , . . . , ω k separate the points of M , ω is an embedding. In such a case we define σ : ω(M ) → M to be the inverse of ω regarded as a k-ary algebraic partial operation on M. It follows that for all a ∈ M , σ(ω 1 (a), . . . , ω k (a)) = a. The partial operation σ on M was introduced in Davey and Haviar [3] for the particular case when D is a subalgebra of M and β : D → M is the inclusion map. Our setting where D ∈ IS(M) is a more general one. Hence we shall call the partial operation σ on M in this more general setting the generalized schizophrenic operation corresponding to ω 1 , . . . , ω k . paper [7] we concentrated on the transferral of the entailment and dualisability "up" from D to M via certain 'minimal extensions'. In this section we equally focus on the transferral "up" via 'maximal extensions'. 
For every n-ary algebraic relation r on D, we consider the minimal extension min r of r to M to be the algebraic relation min r := {(β(a 1 ), . . . , β(a n )) : (a 1 , . . . , a n ) ∈ r} already defined in [10] or in [7] , where it was denoted by r β . We now introduce the maximal extension max r of r to M to be the algebraic relation α −1 ((α • β)(r)).
We note that taking α −1 ((α • β)(r)) instead of α −1 (r) guarantees, for example, that min r ⊆ max r. Every n-ary algebraic relation r M on M satisfying min r r M max r will be called an extension of r to M.
For every n-ary (partial) homomorphism h : dom h ⊆ D n → D, we use min h to denote its minimal extension to a partial homomorphism of M that assigns to each (a 1 , . . . , a n ) ∈ min (dom h) the element β(h(β −1 (a 1 ), . . . , β −1 (a n ))) of M ; we note that this has already been considered in [10] and in [7] where it was denoted by h β . We introduce the maximal extension max h to be the partial homomorphism of M with the domain max (dom h) that assigns to each element (a 1 , . . . , a n ) of
For every set S of algebraic relations or (partial) operations on D, we define min S := {min s : s ∈ S} and max S := {max s : s ∈ S}.
Definition 3.1. Let r be an n-ary algebraic relation on D and r M one of its extensions to M. For every map u : 
. . , x n ) ∈ s yields the following sequence of assertions of which each implies the subsequent one:
the last step using the fact that α • β is one-to-one. For each s ∈ S take s M to be an arbitrary (but fixed) extension of s to M and define
. By the previous lemma, the map u D preserves every relation in S. We now take
By hypothesis S entails r and consequently u D preserves r. Hence
We note that As an immediate consequence we obtain the following result which is a restricted version of Theorem 3.3 of our companion paper [7] . One can feel that a result in the same spirit on the transferral of dualisability up from D to M via the minimal extensions might be true as well. This is indeed the case and Corollary 3.5 has served us the springboard for proving this in our companion paper [7] . The proof required some essential work to be done (see [7] , pp. 48-51) and here we just present the final result. We note that this was one of the main results of [10] ; comparing it with the present result, here we use the additional assumption that the dualising structure G ∪ H ∪ R is finite which, however, is the case in all known dualities to date. 
In the particular setting of Corollary 3.6, that is, when α is one-to one and so D and M are finite generators of the same quasivariety, the maximal and minimal extensions of any relation on D coincide. So it is formally correct to replace min G, min H and min R in Corollary 3.6 by max G, max H and max R, respectively and to say that "dualisability can be transferred from D to M via the maximal extensions".
In the more general setting of having D as a subquasivariety of M with D being a subalgebra of M, the maximal and minimal extensions do not coincide but are somehow identifiable in the entailment sense. As we will see, in the presence of a specific set of endomorphisms of M plus a unary relation on M, the minimal extension of a relation entails and is entailed by the maximal one. 
We note that for every i ∈ {1, . . . , n},
which implies that
For every i ∈ {1, . . . , n}, let
and so (u(̺ 1 ), . . . , u(̺ n )) ∈ max r as required. If we also apply Corollary 3.4 then we get the following result.
Corollary 3.9. Let D and M be finite algebras for which there exist homomorphisms α : M → D k , for some k, and β : D → M such that β and α•β are one-to-one.
Let S be any set of n-ary algebraic relations on D. Then min S ∪{β(D)}∪Γ βα entails and is entailed by max S ∪ {β(D)} ∪ Γ βα on M.
Remark 3.10. We note that from the last corollary one can conclude that every globally minimal failset (for the concept see [11] 
Transferring strong dualities up
In this section we assume that D = M and that α is one-to-one. Recall that this means that the maximal and the minimal extensions coincide. We will present what seems to be the only natural way of transferring the strong duality "up" from D to M where D ∈ IS(M).
We start with two lemmas considered as part of the folklore. The first main result of this section shows how the strong dualisability can be transferred via a one-to-one homomorphism. Theorem 4.3. Let D be a finite algebra and M = β(D), where β is a one-to-one homomorphism. If D ∼ yields a strong duality via a finite set G ∪ H ∪ R of (partial) operations and relations on D, then M ∼ yields a strong duality on M via the set
By Corollary 3.6, M ∼ yields a duality on M. It remains to prove that every closed substructure of M ∼ S is term-closed. So let X be a closed substructure of M ∼ S . We take the corresponding subset β −1 (X) = { β −1 (x s ) s∈S :
x s s∈S ∈ X} of D S . Since the topological space D ∼ S is Hausdorff, by Lemma 4.1
and Lemma 4.2 we have that
let (x 1 , . . . , x n ) ∈ dom h with x 1 , . . . , x n ∈ β −1 (X). Then there exist y 1 , . . . , y n ∈ X such that for all s ∈ S we have x i (s) = β −1 (y i (s)) for i ∈ {1, . . . , n}. But then (y 1 , . . . , y n ) ∈ min (dom h). We are assuming that X is a substructure of M ∼ S whence min h(y 1 , . . . , y n ) ∈ X, and so β(h(x 1 , . . . , x n )) ∈ X and finally h(x 1 , . . . , x n ) ∈ β −1 (X). Thus β −1 (X) is a closed substructure of D ∼ S . Now we take an element z of
closed, whence there exist term functions t 1 , t 2 such that t 1 , t 2 agree on β −1 (X) but
Since h is a one-to-one homomorphism, we get that t 1 , t 2 agree on X but t 1 (z) = t 2 (z). Hence X is term-closed and the proof is complete.
We continue with the Strong Duality Transfer Theorem of Davey and Haviar [3] . We note that in the case D is a subalgebra of M, the embedding β : D → M is just the inclusion map, the set of the endomorphisms Γ βα of M has the specific form Ω := {̺ α(M) i
• α : 1 i k} and the structure min G ∪ min H ∪ min R is denoted by 
yields a strong duality on M = ISP(M), where σ is the generalized schizophrenic operation and
• α : i ∈ {1, . . . , k}}.
Remark 4.6. When transferring the strong duality from D to M, where D is (isomorphic to) a subalgebra of M, it turns out that we cannot avoid the presence of the (generalized) schizophrenic operation σ in the structure M ∼ . In [5] , Theorem 4.3., using the concept of structural entailment introduced there, the authors proved that provided D is actually a subalgebra of M,
T is an alter ego of M that strongly dualises M, and (iii) for every non-empty set T and every closed substructure
then σ has an extension in the enriched partial clone of M ∼ , which means that σ is essentially present in M ∼ .
Strong dualisability of a quasi-variety is independent of the generating algebra
The result in the title of this section was proved by J. Hyndman in [8] . In her 'categorical approach' she uses Lemma 3.8 of [2] and the necessary and sufficient conditions in it needed for a dualising set to yield a strong duality. After presenting her proof, she mentions the construction used in [3] (which is Theorem 4.4 presented in the previous section) and the use of "one further partial operation", meaning the schizophrenic operation. But the efficient use of the schizophrenic operation had obviously not been employed in Hyndman's approach. It will be employed in our approach in this section.
Here we present a new and, we hope, a little bit more transparent proof of Hyndman's result in three steps and under the assumption that the strongly dualising structures are finite. Having a strongly dualisable finite generator (let us call it the first generator) of a quasi-variety embedded in some finite power of another finite generator (let us call it the second generator), in the first step one can apply our Theorem 4.3 to transfer the strong dualisability of the first generator via this embedding into a subalgebra of the power of the second generator. Then by the Strong Duality Transfer Theorem 4.4 and the use of the schizophrenic operation, the strong dualisability can be transferred from this subalgebra to the actual power of the second generator. Finally, in the third step, one needs to show how the strong dualisability can be transferred from that power to the second generator itself. We only need to present the third step of our method.
In the next two results the relations of D k are regarded as relations on D and
j ∈ {1, . . . , k}. We will call such structure the associated structure on D. 
We note that here id k denotes the homomorphism from r D n to (D k ) n given by id k (a 1 , . . . , a n ) = ((a 1 , . . . , a 1 ), . . . , (a n , . . . , a n )). We claim that v preserves G ∪ H ∪ R. We take a relation s in R (a graph of a partial operation h ∈ G ∪ H) of arity m and we assume that (x 1 , . . . , x m ) ∈ s with
. Since u preserves s we have that
belongs to s, that is, (v(x 1 ), . . . , v(x m )) ∈ s, thus v preserves s. Since v preserves G ∪ H ∪ R, we conclude that v preserves id k (r). We denote by p i the i-th projection
For every i ∈ {1, . . . , n} and every j ∈ {1, . . . , k}, the composite
belongs to id k (r). We note that
and so
We finally obtain (u(̺ 
Since X is a closed substructure of D ∼ S , we have that h(π j (x 1 ), . . . , π j (x n )) ∈ X.
Since id k (X) ⊆ X k we have that t 1 , t 2 agree on id k (X). But id k is a one-to-one homomorphism, which implies that t 1 , t 2 agree on X but t 1 (y) = t 2 (y). Hence X is term-closed.
Under the additional assumption that the strongly dualising structures are finite, which, as mentioned previously, is the case in all known strong dualities to date, we now give a new proof for the result due to Hyndman [8] , which is interpreted so that strong dualisability of a quasi-variety is independent of the generating algebra. M is strongly dualisable via a finite structure.
Transferring strong dualities down
In Section 4 we have presented a natural way of transferring a strong duality "up" from a finite algebra D to a finite algebra M, where D ∈ IS(M) and M ∈ ISP(D). In this section we apply the results of Sections 4 and 5 to show how the transferral of strong dualisability can also be made "down" from the algebra M to the algebra D. We use a structure introduced in [10] (and also used in [7] ). We start with recalling the basic setting and the shape of the transferred structure.
Let the finite algebras D and M be such that D ∈ IS(M) and M ∈ ISP(D), and therefore D and M generate the same quasi-variety. Let β : D → M and α : M → D k , where k 1, be one-to-one homomorphisms.
For every n-ary partial operation h : dom h ⊆ M n → M , let dom h α ⊆ D nk be the set of all elements (̺ • α) ((a 1 , . . . , a n )) of the form ((̺ 1 • α)(a 1 ), . . . , (̺ k • α)(a 1 ), . . . , (̺ 1 • α)(a n ), . . . , (̺ k • α)(a n )), where (a 1 , . . . , a n ) ∈ dom h. Let h α : dom h α → D k be the map defined so that for all (a 1 , . . . , a n ) ∈ dom h, h α ((̺ • α)((a 1 , . . . , a n ))) = α(h(a 1 , . . . , a n )).
We observe that h α is a homomorphism from the subalgebra dom h α of D nk into D We again observe that r α is algebraic over D whenever r is algebraic over M (cf. [10] , p. 202). Let us denote a structure on D defined from a given structure G ∪ H ∪ R on M as follows:
(a) G α := {̺ 1 • g α , . . . , ̺ k • g α : g ∈ G}; (b) H α := {̺ 1 • h α , . . . , ̺ k • h α : h ∈ H}; (c) R α := {r α : r ∈ R}.
This structure was used in the following result from [7] . P r o o f. First we introduce the following notation: given homomorphisms γ i : A i → B i with i ∈ {1, . . . , k}, we take γ 1 ×. . .×γ k to denote the homomorphism from A 1 ×. . .×A k to B 1 ×. . .×B k that maps each (a 1 , . . . , a k ) to (γ 1 (a 1 ), . . . , γ k (a k )). We apply the Generalized Strong Duality Transfer Theorem 4.5 to transfer the strong duality from M via the embedding β ′ := α : M → D k . We obtain that Γ β ′ α ′ ∪ min G ∪ min H ∪ {σ ′ } ∪ min R ∪ {β ′ (M )} strongly dualises D k , where
and min G = {g α : g ∈ G}, min H = {h α : h ∈ H}, min R = {r α : r ∈ R}. Now the result follows from Proposition 5.2.
